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I. INTRODUCTION
Research on optomechanical systems is of relevance to gravitational wave detection [1] , signal processing [2] , quantum information processing [3] , and the fundamentals of quantum mechanics [4] . In many such systems, an optical cavity mode and a mechanical oscillator are coupled through the nonlinear radiation pressure interaction. This interaction is generally weak at the single-photon level, with the consequence that, with some exceptions, the equations of motion are effectively rendered linear. Optomechanics in the linear regime has nevertheless enabled remarkable achievements in recent years. Some prominent examples are cooling to the motional quantum ground state [5, 6] , creation and detection of quantum entanglement between two remote mechanical oscillators [7, 8] , and the realization of nonreciprocal photonic devices [9] .
It is well-known that for a particular choice of optical driving, cavity optomechanical systems can display classical nonlinear dynamics even in the regime of small single-photon coupling rate. This can occur when the optical drive is blue-detuned, meaning that its frequency exceeds the cavity resonance frequency. This favors down-conversion of photons through the optomechanical interaction, which tends to amplify mechanical fluctuations [10] [11] [12] . This amplification is unbounded in a linearized theory, but the analysis of the full nonlinear dynamics predicts large self-sustained oscillations that settle into one of several dynamical attractors [13] . The fact that several different stable oscillation amplitudes exist for the same set of system parameters is referred to as dynamical multistability, and it means that the system can display hysteresis. The existence of a dynamical attractor diagram has been confirmed in experiments [14, 15] . It should be noted that there are also stable attractors for reddetuned optical drives, i.e., for drive frequencies below cavity resonance. However, for such detunings, mechanical noise is damped rather than amplified, which means that deliberate driving of the mechanical oscillator is needed in order to reach the attractors where large coherent motion is self-sustained.
Systems that have two or more stable states can for example be useful for signal amplification and for memory storage. In electronics, circuits with this property are commonly referred to as latch circuits, since a signal can cause it to switch to or latch onto another stable state. Bistability can also arise in optical cavity fields coupled to atoms [16] or in microwave circuits containing Josephson junctions [17, 18] . The bistable dynamical response of nonlinear nanomechanical oscillators [19] [20] [21] can for example be useful for sensing of external forces. Experiments on optomechanical systems have explored static bistability where the mechanical system can oscillate around one of two stable equilibrium positions [22] [23] [24] with potential use as a mechanical memory. It has also been suggested that the optomechanical dynamical multistability mentioned above can be useful for sensing, since a small static displacement can cause transitions between two widely different stable oscillation amplitudes in a latching measurement scheme [13] .
In this article, we study the nonlinear response of a mechanical oscillator that is coupled to an optical cavity through the standard radiation pressure interaction. We consider a red-detuned optical coherent beam addressing the cavity, which according to linearized optomechanical theory provides additional damping of the mechanical oscillator. We also assume that the mechanical oscillator is coherently driven at its resonance frequency, which in some cases can be implemented by mechanical actuation, e.g., by piezoelectric elements. However, it may in many cases be more feasible to implement the mechanical drive optically and we show that this is indeed possible. For small mechanical oscillation amplitudes, the mechanical response to the drive is linear and the oscillator's damping rate is indeed enhanced due to the red-detuned optical beam. However, for strong drives and thus large mechanical oscillation amplitudes, the optical damping becomes inefficient. The reason is that the coherent mechanical oscillations cause the cavity resonance frequency to vary, and for large amplitudes these frequency variations can become com-parable to the laser detuning itself. By considering all possible oscillation amplitudes, we show that the mechanical response to the drive is highly nonlinear and that, for sufficiently strong optical powers, the optomechanical system can display dynamical multistability. This behaviour is of course related to the dynamical attractor diagram [13] discussed above. Here, we consider the details of addressing this attractor diagram with red-detuned optical drives and thereby connect two well-known optomechanical effects -optical damping and dynamical multistability.
The nonlinear mechanical response we study can be described by a fully classical and noise-free theory. However, we also consider the effects of both thermal and quantum fluctuations. In the presence of noise, the stable oscillation amplitudes are only metastable, since there is a possibility of switching from one stable state to another via thermal or quantum activation [25] , or quantum tunneling. We consider the regime of weak single-photon optomechanical coupling and sufficiently low temperature such that this type of switching is mostly negligible, which enables us to study small fluctuations around a single stable state. However, noise-induced switching is necessarily relevant close to bifurcation points where one of the stable solutions vanish. We estimate the switching rate close to such points. This is relevant to applications, since it determines how close to a bifurcation point the system can be considered stable for practical purposes.
We also analyze several applications that utilize the nonlinear response of the optomechanical system. A useful feature of the setup is that it combines bistable behavior with optical damping (or cooling) of noise. This enables phase-sensitive amplification of small resonant mechanical forces, where the system can latch onto a widely different stable state as a consequence of a small, temporary signal. The dynamical attractor's dependence on optical power also enables similar latch measurements of small optical signals and thereby all-optical switching with amplification. We also show that the dynamical system can be used as an optically controlled mechanical memory.
The article is composed as follows: In Section II, we present the model and analyze the coherent response of the optomechanical system, as well as fluctuations and noise-induced switching between stable states. Section III describes how, and to which degree, the setup can be used to detect and amplify small, resonant mechanical forces. In Section IV, we show how switching between stable state can be induced by optical signals for amplification and memory purposes. Section V presents an alternative but more complicated optomechanical setup which displays the same effects, but where the required mechanical amplitudes are smaller. Final remarks are presented in Section VI.
II. MODEL

A. Setup
We consider an optical cavity mode coupled to a mechanical oscillator with position operator x. The coupling is described by the standard radiation pressure interaction H int = g 0 x a † a, where g 0 is the single-photon optomechanical coupling rate and a is the photon annihilation operator in the frame rotating at the cavity resonance (angular) frequency ω r . The position operator x = (c+c † ) is expressed by the phonon annihilation operator c and in units of the zero point motion x zpf = /(2mω m ), where the effective mass is denoted m and the mechanical resonance frequency is ω m ω r . We let the cavity mode be coherently driven at the frequency ω r − ω m . We also include a mechanical drive at the oscillator's resonance frequency.
The dynamics of the system is determined by the quantum Langevin equationṡ
where κ (γ) is the energy decay rate of the cavity (oscillator) and we have assumed that the effective mechanical oscillator quality factor is always large. The optical and mechanical drive strengths are denoted Ω and Λ, respectively. These rates are proportional to the square root of drive power and they can be considered real and positive without loss of generality. See Figure 1 for an overview of the model parameters. The operator ξ(t) describes quantum vacuum noise from coupling to external fields and the standard Markovian treatment [26, 27] gives Gaussian noise with ξ(t)ξ † (t ) = δ(t − t ) and ξ † (t)ξ(t ) = ξ(t)ξ(t ) = 0, assuming that the temperature T obeys k B T ω c . We let the mechanical noise operator η obey η(t)η † (t ) = (n th + 1)δ(t − t ), η † (t)η(t ) = n th , and η(t)η(t ) = 0, with the thermal phonon number defined as
We do not consider technical noise in any of the drives, but the theory can easily be extended to include that. The discussion below will be limited to a particular regime of optical drive powers. The combination of coherent mechanical oscillations and optical power in the cavity gives rise to radiation pressure forces on the mechanical oscillator at all multiples of the mechanical frequency. This includes a DC force which shifts the equilibrium position of the oscillator which in turn shifts FIG. 1 . Overview of the model parameters. The cavity mode with linewidth κ is driven at a frequency red-detuned by ωm from its resonance frequency ωr. The mechanical mode with intrinsic linewidth γ is driven at its resonance frequency ωm. The red arrows represent the coherent drives, parametrized by the rates Ω and Λ.
the average resonance frequency of the cavity. However, this frequency shift is negligible if we limit ourselves to low enough powers such that
where a max = 2Ω/κ is the cavity amplitude one would get if the optical drive was on cavity resonance and g 0 was zero. In the limit (4) , and for an oscillator with a large quality factor, we can also neglect the response of the mechanical oscillator at higher multiples of the mechanical resonance frequency and only take into account its response at or around its resonance frequency ω m . We consider this regime throughout this article. We emphasize that the drive parametrized by Λ can be realized through optical driving without the need for mechanical actuation. This can be achieved simply by adding an additional optical drive which is modulated at ω m and thus gives rise to a coherent force on the mechanical oscillator, as was for example done in the study reported in Ref. [14] . In Appendix A, we show that to realize the effects described in this article, we would require that this modulated beam drives an auxiliary optical cavity mode whose single-photon coupling to the mechanical oscillator is much smaller than that of cavity mode a. This ensures that a sufficiently large value of Λ can be realized by optical means without significantly influencing the decay rate γ or the mechanical noise properties defined above.
B. Coherent response
We begin by determining the amplitude and phase of the coherent mechanical oscillations, as well as the coherence of the optical cavity field. Initially, we neglect the thermal and quantum noise, but we will return to the role of fluctuations in Section II D. As mentioned above, we neglect the mechanical oscillator's response at higher multiples of ω m . The coherent motion of the mechanical oscillator can then be expressed as
where x 0 is a shift of the equilibrium position,r is the oscillation amplitude andφ is a phase. For convenience, we define the rescaled mechanical amplitudeR
This allows us to express the cavity field as a(t) = k e −ik(ωmt−φ) a k , a k = (−1) k−1 Ω e iφ n χ n J n−k (R)J n+1 (R) ,
where the sums over integers go from minus infinity to plus infinity, we have defined the susceptibilities The cavity mode is driven by a single beam red-detuned by one mechanical frequency ωm, providing optical damping of the mechanical oscillator. The cooperativity C is determined by the optical drive strength Ω according to Equation (9) . The dashed red line is the mechanical response at C = 20 that one would find from the linearized equations of motion. and J n (R) is the n-th order Bessel function of the first kind. The quantity a k describes the optical coherence at frequency ω r + kω m . We now define the standard optomechanical cooperativity
where α = |χ −1 |Ω is the intracavity coherent amplitude when g 0 = 0. The average mechanical amplituder and phaseφ can then be determined by the complex, nonlinear, algebraic equation
which follows from Equation (2) when defining
and the rescaled mechanical drive strength
We note that the only physical parameter H n depends on is the sideband parameter ω m /κ. We now consider the solutions to Equation (10) . This equation can be solved numerically by truncating the sum at a sufficiently large integer. Let us focus on the mechanical response to the drive, i.e., on the mechanical amplitudeR as a function of drive amplitude L, which is shown in Figure 2 for different values of the cooperativity C and for a sideband parameter ω m /κ = 10. We do not show the solution for the phaseφ, but find that it is small (|φ|/π < 0.02) for all cooperativities and drive strengths in Figure 2 . In fact, one can show thatφ = 0 in the resolved sideband limit ω m /κ → ∞. The scaled amplitudeR much less than 1, the mechanical response is linear with an effective damping rate γ(1 + C). This is due the standard optomechanical damping (or cooling) mechanism, where the radiation pressure interaction leads to an enhanced mechanical decay rate [28] [29] [30] . However, whenR becomes on the order of unity, the response becomes highly nonlinear. The physical explanation is that the amplitude of the cavity resonance frequency variations then become comparable to ω m , which is on the order of the detuning of the optical beam, such that the optical damping mechanism becomes inefficient.
For cooperativities above a critical value C crit , Equation (10) gives three solutions forR for an interval of drive strengths L − < L < L + . We will refer to L − , L + as bifurcation points or turning points. As we will show in Section II C, one of the solutions (indicated by a dashed line) is unstable. The system thus displays bistability where two stable solutions exist for the same drive strength L. In general, the value of C crit depends on the sideband parameter ω m /κ, but is independent of it in the limit ω m /κ 1. In the example shown in Figure 2 , we find C crit ≈ 1.82. We also see that for even larger values of the cooperativity C, the system can display even more solutions, i.e., multistability. The presence of more than one solution means that the system will display hysteresis, i.e, the steady-state mechanical amplitude for a given drive strength will depend on the history of the system. To connect with the theory of optomechanical self-sustained oscillations [13] , we reiterate that here we are addressing the dynamical attractor diagram in the red-detuned regime.
To explain the origin of bistability, let us look at the curve for C = 20 in Figure 2 . For large drives, e.g., L ∼ 15, the lower, stable solution whereR ∼ 1 describes the case where the optical drive is efficiently driving the cavity mode, such that the mechanical oscillator is efficiently damped. The other stable solution, whereR ∼ L, describes the situation where the mechanical amplitude and thus the cavity's resonance frequency variation is already so large that the optical drive is unable to efficiently drive the cavity. The optical damping is then almost absent and only the intrinsic mechanical damping remains. Multistability with more than two stable solutions comes from the fact that for a region of amplitudes, e.g., aroundR ∼ 5 in Figure 2 , the dominant damping mechanism is optical but of a nonlinear nature that corresponds to multi-phonon annihilation processes in the quantum formalism.
There will be optical coherence not only at the original laser frequency, but at all multiples of the mechanical frequency, according to Equation (7) . The coherence amplitudes |a k | depend on the steady-state mechanical amplitudeR. For C > C crit , the amplitude will jump fromR ∼ 1 to a significantly larger value as the drive strength L is sweeped up from 0 and beyond the bifurcation point where the lower stable solution vanishes. This jump will be accompanied by jumps in the optical coherences a k and can thus easily be monitored optically. The behaviour of optical coherences as L is sweeped up is shown in Figure 3 for k = −1, 0, 1, C = 20, and ω m /κ = 10. We note that the coherences at other values of k are significantly smaller in the resolved sideband limit ω m /κ 1. 
C. Effective potential
We will now show that, in the resolved sideband limit ω m /κ 1, the steady-state solutions for the amplitudeR can be interpreted as the positions of extremal points of an effective potential. This will be a helpful picture to have in mind when we later discuss fluctuations. Let us now consider the mechanical amplitude r(t) and phase φ(t) defined in Equation (5) as dynamical variables, even though we still ignore noise. We can equivalently describe the mechanical oscillations with rescaled quadrature variables X(t) and Y (t), defined by
We then define the vector
and the dimensionless time variable
This allows us to write the equations of motion for the mechanical quadratures as
where
and Re iφ ≡ X + iY . We can interpret Equation (16) as determining the position R of a fictitious particle in two dimensions subject to a (dimensionless) force F(R) in the limit of large friction. Note that if we require the time derivative in Equation (16) to vanish and let R →R, these equations reduce to the complex Equation (10) . While the vector field F(R) is not generally conservative, we can, in the resolved sideband limit ω m /κ
This follows from the fact that H n ≈ 1 for n ∈ {0, 1} and H n ≈ −iκ/(n(n − 1)ω m ) for n / ∈ {0, 1} in the limit ω m /κ 1. We note that in the limit of small amplitudes, R 1, we get V (R) = (1+C)R 2 /2−LX. This limit thus gives a displaced, quadratic potential stiffened by the factor 1 + C compared to the case without optical drive, in accordance with standard linearization of the optomechanical interaction.
The locations of the minima (maxima) of the potential V (R) then correspond to stable (unstable) steady-state positions for the fictitious particle, and hence to stable (unstable) values for the quadrature variables X and Y . The potential is shown in Figure 4 for the same cooperativities as in Figure 2 and for two different values of the drive strength L. We have set Y = 0 since the stable points lie on the X-axis in the resolved sideband limit. We see that for C = 20 and L = 7, we have three minima, whereas for C = 20 and L = 15, we have two minima. This is in accordance with the exact numerical solutions shown in Figure  2 .
D. Fluctuations around a stable solution
We now take into account the noise acting on both the optical field and the mechanical oscillator, which is represented mathematically in Equations (1) and (2) by the operators ξ(t) and η(t). The steady-state solutions for the mechanical amplitudē R are then only metastable, since thermal or quantum noise can cause switching between them. However, we will focus on the regime of thermal phonon number n th (ω m /g 0 ) 2 and weak single-photon coupling g 0 κ, ω m and we will show in Section II E that the switching rates are then negligibly small except for drive strengths Λ close to the bifurcation points. This means that for most values of Λ, we can focus on fluctuations around a single, stable equilibrium.
Let us consider small fluctuations around one of the equilibrium values ofR andφ. We write
defining the quantitiesā
for convenience. Inserting this into Equations (1) and (2) and neglecting nonlinear terms in the fluctuation variables d andc givesḋ
whereξ (η) is ξ (η) multiplied by a time-dependent phase factor and thus obeys the same correlation properties as ξ (η). We may adiabatically eliminate the cavity field fluctuations d(t) if the mechanical oscillator dynamics (in the frame rotating at ω m ) are slow compared to the cavity decay time ∼ 1/κ. Upon assuming this, we find
with G n = g 0ān and
In general, the time-dependent coefficients in Equations (23) and (24) precludes a steady state solution to expectation values. However, if we again assume that the mechanical oscillator only responds at or near the resonance frequency ω m and not at other multiples of ω m , we can find approximate steady-state expressions for the Gaussian mechanical noise. By defining we arrive at an equation of motion forc alone,
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where we have defined
We can now find expressions for expectation values involving the mechanical noise operatorc. By once again assuming that the mechanical oscillator only responds near its resonance frequency, this leads to the average phonon occupancy (relative to the large coherent state)
This expression is more complicated than what one gets for an undriven, optically damped mechanical oscillator [29, 30] , since there are nonzero optical coherences at more than one frequency. To understand this result, it is instructive to think about what one would find in the absence of mechanical driving and with an optical drive at a detuning lω m . We would then have G n = G δ n,l , giving
.
The second term in the denominator is the optical contribution to the damping rate, whereas the second term in the numerator describes the additional heating that comes from radiation pressure shot noise, or equivalently, from down-converting photons in Stokes processes. A naive generalization of this result to many beams would give the terms in (31) that do not contain Ψ.
The presence of Ψ is due to interference between the down-conversion of a photon from a detuning nω m to (n − 1)ω m and the up-conversion of a photon from a detuning (n − 2)ω m to (n − 1)ω m . It is well-known that such interference effects can lead to nonzero correlations between orthogonal quadratures and even squeezing [31] . Mathematically, this follows from the nonzero expectation value
In Figure 5a ), we plot the fluctuations in the two quadratures
for cooperativity C = 20 and for drive strengths L close to the bifurcation point L + where the lower stable solution vanishes. We observe that the noise in thex-quadrature grows rapidly when approaching the bifurcation point. The reason is the softening of the effective potential along this quadrature as the potential barrier is about to vanish. We emphasize that for the fluctuation analysis above to be valid, we must at least demand that x 2 , ỹ 2 (ω m /g 0 ) 2 .
E. Switching dynamics
We now address the possibility of switching from one equilibrium to another in the presence of bistability. The analysis in the previous section assumes that the system fluctuates around just one of the stable solutions. Although switching is mostly negligible, it is necessarily relevant for drives sufficiently close to the bifurcation points L − and L + .
We seek to describe the switching dynamics from the lower stable solution (R ∼ 1) to the higher stable solution (R ∼ L) for a drive strength L close to the critical value L + where the lower stable solution vanishes. As an illustration, consider the potential V for C = 20 and L = 15, shown in Figure 4b ). We wish to find out how long, on average, a particle remains trapped in the small potential minimum at X ∼ 1 in the presence of noise before escaping downhill to large values of X. It is then not possible to separate the calculation of the coherent motion from that of the noise as we did above. We still assume that we can adiabatically eliminate the cavity field and consider the full stochastic dynamics of the rescaled quadrature variables X and Y , defined in Equation (13) . The equations of motion are
where F X and F Y were defined in Equations (17) and (18), and
are Gaussian noise variables originating from the optical noise ξ and the mechanical noise η. As before, we neglect the oscillator's response at higher multiples of its resonance frequency, which allows the noise correlation functions to be written
where we have omitted the dependence on R for clarity. The properties E XX = E Y Y and E XY = 0 mean that the noise blob in phase space will be non-spherical and rotated with respect to the Xand Y -axes. We note, however, that in the resolved sideband regime ω m /κ 1 and with our choice of phase for the mechanical drive, we have
We will now simplify the model given by Equations (35) and (36) in a way that still captures its essential features. This will allow us to estimate the average time before switching as well as to efficiently simulate the stochastic dynamics. We will consider the resolved sideband regime and use the classical stochastic equation
to model the dynamics, where the potential V is defined in Equation (19) and we assume isotropic noise satisfying
The noise in our simplified model is quantified by E ≡ E XX (R =R st,l ) whereR st,l is the lower stable solution to the noise-free equation of motion. In other words, E is a measure of the thermal and quantum noise in the X-quadrature in the potential valley from which the fictitious particle eventually escapes. Note that this model will slightly overestimate the noise in the Y -quadrature, but this is not expected to influence our results in any significant way. The use of a classical model is justified by the fact that we have assumed a Gaussian state at all times. The average time τ sw before the fictitious particle escapes the potential minimum atR st,l can now be estimated. The simplified model (42) determines the dissipative dynamics of a particle in a potential V (R) subject to large friction and thermal fluctuations at a temperature proportional to E. A generalization of Kramer's escape rate [32] to a two-dimensional potential [33, 34] then gives
Here,R ust is the unstable steady-state solution, i.e., the position of the saddle point of the two-dimensional potential. We have also defined λ 1 and λ 2 as the eigenvalues of the Hessian matrix
is the single negative eigenvalue at the saddle point. We note that the formula (44) is only valid when the exponent is much larger than 1. The average dimensionless time τ sw before switching is shown as a function of drive L in Figure 5b ) for cooperativity C = 20. In this example, the critical drive strength is L + ≈ 18.183. To relate to dimensionful parameters, τ sw 1 means that the average time before switching is much larger than the intrinsic mechanical decay time 2/γ. For the sensing applications discussed below, it is worth noting that for the parameters such as those used in Figure 5 , the drive strength L can be chosen very close to the critical value without risking accidental switching due to thermal fluctuations. However, we also emphasize that the time τ sw is exponentially dependent on the temperature T ∝ n th .
III. PHASE-SENSITIVE AMPLIFICATION OF SMALL RESONANT MECHANICAL FORCES
We now discuss a possibility for exploiting this setup to detect and amplify small mechanical forces oscillating at the resonance frequency ω m . We note that for a cooperativity C just below the critical C crit , the system can be used as a phase-sensitive linear amplifier. However, we will focus on nonlinear amplification mechanisms in this article. There can be several different ways of exploiting bistability for amplification, depending on whether one wants to implement an active readout of information at a particular time [17, 18] or a passive sensor that detects a signal arriving at an unknown time. We will have the latter situation in mind here.
We consider a situation where the mechanical drive strength is set toL close to the bifurcation point L + where the lower stable solution vanishes. However, we let L + −L be sufficiently large such that the system fluctuates around the lower stable solution (R st,l ∼ 1) for very long times. To be more precise, we want the average time τ sw before switching to the upper stable solution (R st,u ∼ L) to be so large that we can ignore that possibility for all practical purposes. In addition to the mechanical force we deliberately apply, we imagine that the mechanical oscillator is also briefly subjected to another small resonant force that we wish to detect. The total drive strength becomes L(τ ) =L + l(τ ), where l(τ ) describes the drive variations due to the additional force. WithL real, the drive amplitude becomes
We see that depending on the complex phase of l(τ ), the perturbation can lead to an increased total amplitude |L(τ )|. For simplicity, we will from now on assume that l(τ ) is real and positive, but we emphasize that we are describing a phase-sensitive amplifier that will be most sensitive to forces that are in phase with the deliberately applied force.
Let us now discuss the amplification mechanism. We first assume that the duration of the pulse l(τ ) is much longer than the intrinsic mechanical decay time 2/γ. The system will then respond adiabatically to the change in drive strength. As shown in Figure 6a ), an increase in the total drive strength to a maximal valueL + ∆L can bring the system beyond the critical drive strength L + where the lower stable solution vanishes. In that case, the amplitude R will increase towards the upper stable solutionR st,u ∼ L. After the pulse l(τ ) has passed, the drive strength returns toL. The fictitious particle can then either return to the lower stable solutionR st,l ∼ 1 or continue towards the upper stable solutionR st,u ∼ L, depending on which side of the potential maximum it finds itself. For a pulse of sufficient duration and strength, the system always ends up in the upper solution. This means that a small and temporary signal can cause a large and permanent change in the optomechanical system, which can easily be read out without the need for additional low-noise amplification.
The amplification mechanism can also work for pulses shorter than the mechanical decay time. The analysis of the amplification mechanism above assumed a long pulse, where we can think of the potential V (R) temporarily changing from the blue (upper) curve to the red (lower) curve in Figure 6b ). In the case of a short pulse, however, it is better to think of the potential as fixed (the blue (upper) curve) and l(τ ) as additional noise that can kick the fictitious particle over the barrier. This means L < l a t e x i t s h a 1 _ b a s e 6 4 = " 5 p u o v 2 that the amplitude of l(τ ) must far exceed the thermal/quantum noise ∼ √ E. On the other hand, for a long pulse where the potential changes adiabatically with the pulse, we will see that the amplification mechanism can be efficient for amplitudes |l(τ )| comparable to the existing broadband noise.
We now quantify the amplification in the proposed latching scheme. To this end, we define the average input mechanical amplitude asc in (L) = Λ/ √ γ and the average output amplitude asc out (Λ) = √ γr(Λ)/2 −c in (Λ) for a single input/output port. The squares of the input and the output amplitudes give the incoming and outgoing phonon flux, respectively [26, 27] . We define an amplifier power gain by
whereΛ (∆Λ) relates toL (∆L) as in Equation (12). The numerator in (46) is the square of the permanent difference in average output amplitude between the final state (after the latching mechanism has been triggered) and the initial state. The denominator is the square of the temporary difference in average input amplitude. Inserting the definition of the input and output amplitudes gives
Another interpretation of the gain G m is now apparent -up to a constant, it is the permanent amplitude change due to the pulse divided by the temporary amplitude change the pulse would cause in the absence of optomechanical coupling. For C,L 1, we can roughly writeR st,u (L) ≈L andR st,l (L) ∼ 1 L . The gain can then be approximated by
in the limits C 1 and ∆L, 1 L . We reiterate that the minimum drive change ∆L one can detect is set both by the thermal and quantum noise as well as the duration of the pulse.
To go beyond the qualitative discussion above and demonstrate the amplifying mechanism, we have solved the classical, stochastic equation (42) numerically using the Euler-Maruyama method [35] . The in-phase signal has been modeled as a Gaussian pulse
The pulse has a maximum value ∆L, it is centered at timeτ , and it has a temporal width ∆τ . In Figure 7 , we show 20 time traces (or trajectories) of the quadratures X and Y for three different values of ∆L, withτ = 10 and ∆τ = 10. We have again used cooperativity C = 20. The drive strength has been set toL = 18.179, which according to Figure 5b ) means that switching due to noise is completely negligible on any reasonable time scale. To produce the time traces, the parameter E has been chosen so as to agree with the values of E XX calculated in Figure 5a ). However, in the simulation we have modified Equation (42) such that we set 2E = (2g 0 /ω m ) 2 (n th + 1/2) when the amplitude R = √ X 2 + Y 2 exceeds 0.8L. This simply reflects the fact that the noise around the upper stable solution is of mostly mechanical origin, unlike at the lower stable solution where it also originates from incoherent photon down-conversion. This modification has no significant influence on the switching dynamics.
The simulation results can be used to estimate the probability of switching p sw to see how it depends on the pulse strength ∆L and the pulse duration ∆τ . The trajectories that switched to the upper solution have been colored red in Figure 7 , whereas the ones that did not switch are colored blue. We see that none of the trajectories switch to the upper stable solution when ∆L = 0.004, some of them switch when ∆L = 0.007, and that all of them switch when ∆L = 0.010. The fact that none of the trajectories switch for small enough ∆L is in accordance with the assertion that switching due to thermal/quantum noise is negligible for our choice of parameters. In Figure 8a) , we plot the probability of switching p sw as a function of pulse strength ∆L and pulse width ∆τ = 10, calculated from 200 simulated trajectories. We see that for ∆L 0.008, the probability to trigger the latching mechanism is very close to 1. Note that in absence of both drives, we would have X 2 1/2 = Y 2 1/2 = √ 2E = (2n th + 1) 1/2 g 0 /ω m = 0.0023 for our choice of parameters. This means that the minimal ∆L we can detect is comparable in magnitude to the intrinsic thermal or quantum fluctuations of the oscillator. Figure 8b) shows the same plot, but for a pulse width ∆τ = 0.1, i.e., much shorter than the intrinsic mechanical decay time. In this case, a significantly stronger pulse ∆L 0.22 is needed in order to have a large probability of switching. However, we see that the latching mechanism can be useful also in the non-adiabatic regime. The bistable response can also be used to detect and amplify small optical signals, which we now discuss. The mechanism is illustrated in Figure 9a ). We consider a value of the cooperativityC and a fixed drive strength L (dashed vertical line) below but close to the bifurcation point L + . If the system resides in the lower stable state whereR ∼ 1, a sufficiently large negative change in the cooperativity to C(τ ) =C − c(τ ) can decrease the critical drive strength L + such that L > L + . This will force the mechanical amplitude to grow toR ∼ L, since the lower stable state vanishes. If the size and duration of the pulse c(τ ) was sufficiently large, the system will eventually reside in the upper stable state even when the cooperativity returns toC. This means that a small, negative change in optical power can lead to a large permanent change in the mechanical amplitude and thereby strongly influence the optical response of the cavity.
We now quantify the optical amplification in this scheme. The average input amplitude is defined asā in (Ω) = Ω/ √ κ, which means that the square of the input amplitude is the incoming photon flux to the cavity. We consider first a constant change in cooperativity C =C − ∆C caused by a change in the optical drive strength to Ω =Ω − ∆Ω, such that ∆C/C ≈ 2∆Ω/Ω for ∆Ω/Ω 1. We denote the average output amplitude at the cavity resonance frequencyā 0,out (Ω) = √ κ a 0 (Ω), where a 0 is defined according to Equation (7) . The amplifier power gain is then defined by
Inserting for a 0 gives In the resolved sideband regime, for large cooperativity and L close to L + , we haveR st,l ∼ 1 and J n (R st,u ) ≈ 0, which gives
We see that a large gain can be realized for a sufficiently small cooperativity change ∆C/C. However, it is again the thermal or quantum noise that limits how small ∆C can be.
To demonstrate the optical latch amplification mechanism, we have again solved the classical, stochastic equation (42) numerically as in Section III. For simplicity, we model the cooperativity change as a Gaussian,
with a maximum value ∆C, centered at timeτ , and temporal width ∆τ . We have again chosen a value of L such that noiseinduced switching is negligible for the unperturbed cooperaticityC. The simulation results are similar to the ones in Section III, showing that the probability of switching from the lower to the upper stable state rises with increasing ∆C. In Figure 9 , we show the switching probability as a function of ∆C/C for two different pulse durations. For a long pulse ∆τ = 10 which the system can follow adiabatically, we find that the probability of switching is close to unity for ∆C/C 5 · 10 −4 . For a shorter pulse ∆τ = 0.1, we find that ∆C/C 1.5 · 10 −2 is necessary for a large probability of switching due to the pulse.
B. Mechanical memory
We will now briefly consider how the bistable behaviour can also be used to store binary data. The middle curve in Figure 11 , shown in red, depicts the mechanical steady-state amplitudeR as a function of drive strength L for a cooperativity C = 1.850, which is just above the critical cooperativity C crit ≈ 1.82. Let us assume that L is fixed at the position of the vertical dotted line. If the system resides in the lower stable state, we can switch to the upper stable state by changing the cooperativity to C ↑ < C by slightly adjusting the optical power. The value C ↑ is chosen such that only the upper stable state remains for the fixed value of L, as shown by the upper (blue) curve in Figure 11 . Once the amplitude has increased beyond a certain value, the system will end up in the upper stable state even when the cooperativity is returned to C. In other words, the system can be switched from the lower to the upper stable state by a small temporary decrease in optical input power. Conversely, if one wants to switch from the upper to the lower state, this can be done by a slight increase in optical input power resulting in a temporary increase in cooperativity to C ↓ for which there is no upper stable state -see the lower (yellow) curve in Figure 11 . This means that the mechanical memory can be switched back and forth simply by optical means.
This discussion is based on the system adiabatically following the change in cooperativity, which assumes that the optical pulses are much longer than the intrinsic mechanical decay time. As with the amplification scheme, it is possible to switch between the lower and the upper state with shorter pulses, but the reponse time of the memory, i.e., the time it takes to reach the other stable state, is set by the mechanical decay time.
V. BISTABILITY WITH RESONANT TWO-MODE OPTOMECHANICS
The phenomena we have described in this article rely on the possibility of realizing large coherent mechanical amplitudes r > ω m /g 0 . At the same time, we have assumed the hierarchy g 0 κ ω m . Such large amplitudes could pose practical challenges, for example due to intrinsic mechanical nonlinearities that might become relevant at large oscillation amplitudes. That being said, experimental efforts to explore the optomechanical attractor diagram on two different platforms do not seem to have encountered such problems [14, 15] . Nevertheless, in this Section, we will show that the same phenomena can be realized in so-called resonant two-mode optomechanics [36] [37] [38] [39] , but with a relaxed requirement on the size of the oscillation amplitudes. In this resonant case, we will see that the nonlinear response becomes relevant already whenr ∼ κ/g 0 .
A. Setup
We now define the model which includes two degenerate cavity modes a 1 and a 2 that are coupled by photon tunneling at a rate J and that both couple to the same mechanical mode with the same rate, but opposite signs:
We note that the model (55) can be realized on several experimental platforms, for example the membrane-in-the-middle setup [38, 40] or optomechanical crystals [37, 41] . For a tunneling rate J exceeding the cavity linewidths, it is convenient to switch to a basis a + and a − in which the photon sector is diagonal. The modes a + and a − will then differ in frequency by 2J. We assume that J can be controlled such that this frequency difference matches the mechanical frequency ω m . The Hamiltonian can then be written
where the operators refer to frames rotating at the modes' respective resonance frequencies. The terms in the Hamiltonian describe processes where photons can scatter between the two cavity modes, either by creation or annihilation of a phonon. These processes are depicted in Figure 12a ). We have applied the rotating wave approximation by neglecting processes such as a † + a − c † that, at least from a naive viewpoint, do not conserve energy. We will comment on the validity of this approximation below.
B. Coherent response
Let us first find the average cavity amplitudes in the presence of both optical and mechanical drives. Including dissipation, noise, and drives gives the equations of motion:
We have assumed that only the lower frequency cavity modeã − is coherently driven at resonance with strength parametrized by Ω. For simplicity, we assume that the two cavities have the same linewidth κ, and that the cavity modes couple to independent vacuum noise fields ξ ± . The mechanical drive is parametrized by Λ as before. Defining the rescaled amplitudē
and ignoring noise, the classical, steady-state cavity amplitudes becomẽ
where α = 2Ω/κ would be the cavity amplitude in modeã − when g 0 = 0. We see that the amplitudeã − becomes significantly reduced as the mechanical amplitudeR becomes comparable to 1. Also, forR > 1, we get population inversion where |ã + | > |ã − |. The decrease in cavity amplitude can be understood in terms of Autler-Townes splitting [36, 42] known from atomic physics, as illustrated in Figure 12a ). When the mechanical oscillator has a large coherent amplitude and an average phasē φ = 0, we can approximate the Hamiltonian by
In the last equality, we have introduced the fields a s(a) = (ã + ±ã − )/ √ 2 to explicitly show that the mechanical driving induces a frequency splittingRκ between the effective cavity modes. This splitting becomes significant when it is comparable to the cavity linewidths, i.e., asR approaches unity which meansr → κ/g 0 .
The steady-state mechanical amplitude must be determined self-consistently from the equation
with the rescaled drive now defined as L = 4g 0 Λ/(κγ) and with the cooperativity C = 4g 2 0 α 2 κγ (63) defined as before. In Equation (62), we can clearly see that the optical damping term proportional to C becomes less relevant as the amplitudeR grows. In Figure 12b ), we plot the numerical solution to (62) for several different cooperativities. We see the same behaviour as in the single-mode case. Above a critical cooperativity, which is C crit = 4 in this case, the system displays bistability. From Equation (62) and in the limit C 1, we can find analytic expressions for the bifurcation/turning points:
C .
The corresponding amplitudes at these turning points arē
also assuming C 1. We emphasize that the same latching phenomena we discussed in the single-mode case can also be realized in this setup, but with a relaxed requirement on the size of the mechanical amplitude.
Finally, we briefly comment on the rotating wave approximation assumed in Equation (55). From Figure 12a ), it is clear that this approximation cannot be valid for amplitudes such that the splittingRκ becomes comparable to ω m , i.e., whenr ∼ ω m /g 0 . From this, we may conclude that for L < C and for cooperativities C ω m /κ, the rotating wave approximation and the response shown in Figure 12b ) would be accurate. Conversely, for cooperativities C > ω m /κ, we must take into account the full model in order to determine the response at the upper stable state. In this case, it would be more useful to return to a description in terms of the original modes a 1 and a 2 as in Equation (54) and think of the problem in terms of large-amplitude Landau-Zener-Stückelberg oscillations [36] . We do not analyze this situation further here.
VI. CONCLUDING REMARKS
We have investigated the nonlinear coherent response of an optically damped mechanical oscillator and showed that for sufficiently large optomechanical cooperativity, the system displays dynamical multistability. The analysis we have presented relates optical damping, known from standard linearized optomechanics, to the dynamical attractor diagram previously studied in connection with self-sustained oscillations. We have explored how a bistable dynamical response of an optomechanical system can be exploited in order to detect and amplify weak mechanical or optical signals. Comparing with the linear regime of optomechanical damping, the presented setup has the advantage that it can be biased at points in parameter space where the coherent response can be dramatically and permanently changed by small signals, while the thermal/quantum noise around the coherent response is optically damped (or cooled) at the same time.
We have assumed a weak single-photon optomechanical coupling g 0 κ, ω m throughout this article. For large coupling rates g 0 ∼ ω m , the multistable response would be smeared out by frequent switching between the equilibria. Even if this regime cannot be realized, it could be possible to see this kind of switching dynamics for drive strengths fine-tuned close to the bifurcation points L ± . In that case, one would realize non-Gaussian steady states with a potential for new applications.
To realize strong drives L close to the turning point L + ∼ C, we need
With the above assumptions, this roughly translates to
This shows that to realize the effects we described with optical implementation of the mechanical drive Λ, the auxiliary cavity mode b must couple significantly weaker to the mechanical oscillator than cavity mode a.
